In this paper, we present a detailed analysis of the effects of quadrupole components in radiofrequency (RF) photoinjectors, which could occur either in the RF cavity or in the gun solenoid, and their compensation using a skew quadrupole corrector. The analysis is generalized to the case in which the correction cannot be applied at the same location as the quadrupole. A practical guide to setting the corrector to eliminate correlation in the x-y space is discussed. Particle tracking simulations and measurements of emittance and beam matrix elements obtained at the UCLA Pegasus photoinjector are presented to validate the analysis.
I. INTRODUCTION
The phase space density of modern electron sources, a fundamental figure of merit for beam quality, continues to increase due to the advances in our understanding of the photoemission physics at the cathode as well as improvement in the gradient of electron guns [1] [2] [3] [4] [5] . Consequently, it becomes important to make sure that the transport line after the injector preserves the initial beam quality from the photocathode and limits the emittance dilution effects caused by space charge forces or other non-linearities [6, 7] . Correlations between the different beam phase spaces (either transverse-longitudinal, or transverse-transverse) can also cause significant beam degradation, but they can often be reversed by proper beam dynamics transformations (for example emittance compensation [8] ) to unwind the correlations and recover the original emittances. In this paper, we focus our attention on one such source of projected emittance growth, the x-y coupling induced by rotated quadrupole components. Quadrupole fields are linear and do not cause any increase in the total 4D phase space volume, but have the potential to significantly dilute the emittance projections along x and y through the introduction of unwanted correlations in the beam phase space distribution.
Rotated quadrupole fields typically arise either due to the asymmetries of the gun RF feeding port, if a properly symmetrized coupler design is not employed [9] or due to small imperfections in the coils or yoke of the emittance compensation solenoid. Even in the case where the unwanted (error) quadrupolar fields are x-y aligned before the solenoid, the Larmor rotation will skew the beam distribution after the gun.
The effects of skew quadrupoles acting on the beam distribution are well documented [10] , and widely known to impact significantly the transport and diagnosis of high brightness beams [11, 12] . Experimental investigation in RF photoinjectors as well as the possibility of correcting the induced correlations has been recently discussed in the literature [13] . In the treatment offered in these papers, one would want to place the corrector element right at the plane of the error. Nevertheless this is often impossible, either because the error plane is not fully known or because it is not easily accessible in the dense beamline arrangements typical of photoinjectors.
Here we follow up and complement the existing analysis extending it to the case when the error quadrupole and the corrector are not in the same plane and an arbitrary phase advance exists between them. A general formula for the strength of the corrector is obtained and the conditions to obtain a perfect compensation are derived. Particle tracking simulations as well as phase space measurements taken at the UCLA Pegasus advanced photoinjector laboratory are used to support our studies. Finally, a general guidance principle on how to set a corrector without the need to measure in detail the beam phase space distribution is offered and justified.
The paper is organized as follows: we first review the zero phase advance case to set up the problem and identify the physical quantities that play a role in the projected emittance growth. We then discuss the compensation process and generalize it to the case of arbitrary phase advance. It is found that for a π phase advance, the possibility of full compensation exists. General Particle Tracer (GPT) [14] tracking simulations are used throughout the paper to extend the results of the analytical calculations to the realistic case of the UCLA Pegasus beamline which is taken as a fairly general example of S-band high gradient RF photoinjector. We experimentally validate our analysis using a simple skew quadrupole corrector design recently installed at UCLA. The TEM grid shadowgraphy technique is used to retrieve the second order moments of the full 4D beam matrix and the beam emittances as a function of the corrector settings.
II. QUADRUPOLE COMPENSATION
In this section, we analyze the ability to correct the effects of unwanted quadrupole moments that arise in the vicinity of the gun. We start with the case of zero phase advance between the corrector and error quadrupole. Many of the results that we present here have already been discussed in [10, 11] and the follow-up paper [13] .
Here we generalize to the case of non-zero phase advance and show that an effective compensation can be obtained in general conditions and one can fully compensate the projected emittance growth in the special case that the phase advance between the corrector and the quadrupole error is exactly and integer multiple of π, i.e., when the particle distribution at the error quadrupole is imaged at the corrector quadrupole.
A. Zero Phase Advance
We start by calculating the effect of a single rotated quadrupole on each of the projected emittances. In the thin lens approximation, the transport matrix through an error quadrupole of focal length f e rotated by an arbitrary angle α is given by:
We are interested in the effects of such a lens on the second moments of the beam distribution function. If the trace space of the beam is initially uncorrelated, then the beam matrix has a block diagonal form
The beam matrix is mapped through the quadrupole by the matrix transport rule,
The resulting horizontal geometric (i.e. unnormalized) projected emittance x is given by the square root of the determinant of the x-x' trace space block of the final beam matrix. Explicitly, the result simplifies to:
where x0 is the horizontal trace space emittance before the quadrupole, xx and yy are the second order moment of the beam distribution in the x and y direction respectively. The same expression arises in the y-y' trace space. It is clear that when the angle α → 0, then the emittance projections are conserved. Furthermore, the effect of the quadrupole field is minimal if the beam is very small as the emittance growth depends on the rms spot sizes at the quadrupole plane. We will see later that this latter feature negatively affects the ability to correct emittance growth when an arbitrary phase advance (and resulting change in spot size) occurs between the error quadrupole and the corrector. In general, the projected trace space area can be drastically altered from the initially uncoupled value when α → π/4. A useful quantity is the ratio xx yy
because it provides an upper bound on the relative emittance growth scaling. In Fig. 1 , the square root of Eq. 2 is plotted with relevant beam parameters for 0.5 m and 1 m focal length error quads, in the case of a round beam with an rms 0.5 mm spot size, and initial geometric emittance 50 nm (consistent with beam parameters at the exit of the Pegasus gun). Note the horizontal lines represent the upper bound on the emittance growth. Indeed, placing another quadrupole with rotation angle θ and focal length f c , immediately after the quadrupole error will change the emittance as:
When f c sin(2α) + f e sin(2θ) = 0, then the emittance growth vanishes. The trivial instance of this is when f c = −f e , and θ = α, π −α/2. However, there is an entire range of focal lengths for which the corrector will have two correction angles. Specifically, if the focal length of the corrector satisfies f c ≤ fe sin(2α) , there will be two correction angles, which both converge to π/4 at equality. This result is shown graphically in Fig. 2 , in which the error quad was chosen to have a 1 m focal length and to be rotated by 30 degrees. Again, a round beam with 0.5 mm rms spot size, 1 mrad rms divergence, and 50 nm rms emittance was used. As the correction quadrupole angle is adjusted, the beam profile rotates as shown by the variation of the rms beam sizes in the central plot of Fig. 2 .
Three different cases corresponding to different corrector focal lengths are shown. The final focal length is tuned to fe sin(2α) . The vertical line is positioned at 45 degrees. The plots suggest two alternative strategies to find the optimized corrector settings for retrieving the initial projected emittance values. These two strategies correspond either to setting the corrector angle to satisfy sin(2θ) = − fc fe sin(2α) for a fixed quadrupole strength or to setting the angle at 45 degrees and dialing the focal length of the corrector to f c = fe sin(2α) . In either case, the corrected transport through the two quadrupoles simplifies:
Thus, an initially block diagonal second moment beam matrix will remain block diagonal (i.e. uncoupled) through the corrected transport. Unfortunately, this transport breaks round beam symmetry.
B. Finite Phase Advance
When a drift space or an intermediate lens is introduced between the error quadrupole and the corrector, there is a finite betatron phase advance between the two elements and the emittance compensation is no longer exact. This happens because the beam distribution is no longer matched between the corrector and error quadrupole planes. Consequently, the emittance growth can no longer be made identically zero at any correction angle. This effect is shown in Fig. 3 where the minimum emittance (after the corrector strength and angle are optimized) is plotted as a function of the drift length distance between the error and corrector quadrupoles for three error quadrupole focal lengths (1 m, 2 m, and 3 m). Note the corrected emittance has a maximum when the drift distance between the quadrupoles is near the focal length of the error quad where the beam has a waist at the corrector plane. As the drift length between the quadrupoles increases, the compensated emittance is nearly restored to the initial value. The results of Figure 3 suggest that a complete compensation can be recovered when the phase advance between the error quad and the corrector equals π as can be directly shown using Courant-Snyder theory.
The solution for motion through an uncoupled quadrupole focusing channel between the quadrupole error and corrector can be expressed as a symplectic 4x4 uncoupled transport map of the form M = M x 0 2x2 0 2x2 M y where the x-x' trace space mapping is given by:
in terms of the Courant Snyder parameters β x ,α x , and the betatron phase advance ∆ψ x . M y has the same form with the subscripts interchanged. When the transport map is known, then tracking the coordinates u T = (x, x , y, y ) is simply a matter of matrix algebra, i.e., u f = M u i . An intermediary transport between the corrector and error quadrupoles which simultaneously has a π phase advance in each trace space and satisfies
, β yf ,and β y0 are the initial and final betatron functions for each trace space), results in a transport matrix in an imaging condition of the form:
In this case, the complete beam matrix transport, including both the error and correction quadrupole yields a projected emittance which can be written as:
The magnification enters now because the initial particle distribution has been imaged and possibly magnified at the corrector entrance. Thus, the zero phase advance solution is essentially recovered. It can be challenging to configure a setup in which the intermediate transport is imaging. In the case where this is not feasible, the emittance correction parameter space still trends as it did when the phase advance was zero. The difference now is that when the emittance is plotted as a function of corrector focal length and angle, the surface is bounded below by the initial, uncoupled emittance with some separation which cannot be made zero. In Fig.  4 the entire emittance compensation parameter space is shown when there exists a 1 m drift between the error and corrector quadrupoles. It can be seen here that the two correction angles reside on a contour of minimum emittance, just as they do in the zero phase advance case. The correction angles converge to π/4 as the strength of the corrector is optimized. When the transport is not ideal, one must resort to minimizing the emittance growth by proceeding to optimize the corrector in the same way as the zero phase advance case, i.e., either varying the angle while keeping the strength fixed or the opposite. Intermediary quadrupoles and solenoids do not alter the form of the parameter space, but they do scale it in often inconvenient ways because of accumulated phase advance, which can be most problematic when there is a waist at the corrector.
Incomplete compensation implies the existence of residual coupling between the two trace spaces. It is worth noting that in this case the coupling elements of the beam matrix typically evolve during propagation. For an uncoupled transport (like the drift space case analyzed above, or any up-right quadrupole-based beamline) the final projected emittances are conserved and still given by the expression in Eq. 2 obtained right after the application of the error quadrupole lens. This can be seen by applying an uncoupled (block-diagonal) transport matrix to the resulting coupled beam matrix. It immediately follows that the projected emittance in each trace space is conserved in such transformation since, 2
III. EXPERIMENTAL TESTS
At the UCLA Pegasus beamline we tested some of these concepts in practice. Over the years, small coupling between the horizontal and vertical phase space have been observed on beam profile monitors and in emittance measurements, yet they had not been fully characterized. More recently, as research efforts were focused on the investigation of flat-beam transformation in the ultralow charge regime and generation of very small beams for DLA applications [15] , the control of very small amounts of x-y coupling became crucial and provided the motivation for many of the studies discussed in this paper.
The RF photoinjector in the beamline is a hard-copper clamped version of the UCLA/SLAC/BNL 1.6 cell S-band photoinjector with dipole-symmetrized RF feeding, but no race-track geometry to cancel the RF quadrupole field components [16] . In addition, magnetic meaurements of the emittance compensation solenoid installed at the gun also revealed small quadrupole components.
A. Skew Quadrupole Corrector Design
In order to correct the unwanted coupling, we developed a compact Skew Quadrupole Corrector (SQC) that could fit inside the emittance compensation solenoid. The design is based on the field produced from four parallel wires oriented in a quadrupole configuration. The expression for such a configuration is given by the following:
Here, I is the current through each of the wires, and R is the radius of the circle through which the wires intersect. Our device was made by taking two of these quadrupole configurations rotated 45 degrees relative to each other and superimposing the fields yields then:
To determine the currents I 1 and I 2 that generate a quadrupole rotated at an angle α with a gradient G, we refer to the scalar potential for a quadrupole field oriented normally in the rotated frame with coordinates related to the lab frame by u = cos(α)x + sin(α)y, and v = − sin(α)x + cos(α)y. The potential in the rotated frame is then:
In the vacuum region between the wires, the magnetic field is found from B = −∇V . In terms of lab coordinates: B = G(y cos(2α)−x sin(2α))x+G(x cos(2α)+y sin(2α))ŷ (12) Now we can relate Eqns. 10 and 12 to identify the currents needed to obtain the target quadrupole:
The corrector device for the Pegasus beamline had a 30mm radii and 240mm length. It is shown in Fig. 5 .
B. Emittance Measurements
The SQC was placed inside the rotating Larmor frame of the solenoid, so the results from section II B do apply The parameters used in the simulations and in the experiments are reported in Table 1 . The error quadrupole location, angle and strength reported in the table are obtained by matching the simulation output to the experimental measurements and should be viewed as effective quantities.
The Larmor rotation angle of the Pegasus emittance compensation solenoid varies between 40 and 50 degrees when used to focus the beam before the quadrupole triplet used in grid based shadowgraph emittance measurements. We show precisely how the Larmor rotation shifts the emittance compensation curves when the SQC is centered inside the solenoid in Fig. 7 . The peak and minima positions shift as the solenoid is dialed from 0 up to and beyond operational values. The peaks on the emittance contour for zero magnetic field in the solenoid start at 45 and 135 degrees respectively (consistently with Fig. Beyond that value, the minimum compensation emittance values also increase. Note though that solenoid strength is typically fixed in a given beamline configuration. These plots serve as a guide to interpret the experimental results reported below, where the Larmor angle corresponding to the solenoid magnetic field used was θ L = 47 • , and the minimum emittances are found near a correction angle of 80 • . Single-shot 4D beam matrix TEM grid shadowgraph measurements were performed to reconstruct the beam matrix at a screen located 3.95m downstream of the cathode. The goal was to scan the angle and gradient of the corrector device to achieve minimization of beam coupling correlations and validate our understanding of the compensation mechanism. The TEM grid shadowgraphy technique has shown suitable for retrieving with high fidelity the second order moments providing sufficient transmission for contrast for low charge beams (< pC). However, the measurement of trace space emittances is particularly sensitive to the screen point spread function [17] , due to the strong correlation in phase space required by the point projection geometry of the measurement. Sample images are presented in Fig. 6 , where it can be seen as the SQC angle is adjusted through 180 • , the beam envelope also rotates through the same angular range. The resulting data were compared with GPT simulations and found to be consistent with an effective error quadrupole with a 1 m focal length quadrupole oriented at 30 degrees located at the exit of the RF gun. Fig.  8 shows both measured and numerically obtained offdiagonal beam matrix elements, projected emittances, and spot sizes as a function of the rotation angle. The dashed lines are the projected emittance values measured with the SQC off ( x = 16±1nm rad, y = 13±1nm rad). There is a small discrepancy in the projected emittances which can be explained if we relax the initial assumption of round beam before the error quadrupole. If we allow for a slight asymmetry in the x and y trace spaces at the cathode, simulations would be in better agreement with the data.
Looking at the beam matrix elements, it is easy to note that the coupling terms are minimized when the projected emittances are at a minimum. For the per-fect compensation case, this will obviously be exact, but even in the experimental case where the phase advance is not zero, it is approximately true that the off-diagonal coupling elements are minimized by an optimal choice of corrector settings. This observation provides a very practical guideline to follow in the optimization, which is to tune the angle of the SQC to minimize the xy moment. In Fig. 6 , the central image corresponds with the smallest emittance we measured.
IV. SUMMARY AND CONCLUSION
We have presented an analysis of projected emittance growth from undesirable quadrupole moments in photoinjectors and how to correct them. The complete solution to the zero-phase advance case was used as a starting point in the discussion. It was demonstrated that nonzero phase advance between an error quad and the corrector hinders the ability to completely correct the coupling correlation and retrieve the initial projected emittances.
However, a complete correction was found again when the beam distribution at the entrance to the error quad is imaged at the corrector.
An experiment was carried out at the UCLA PEGA-SUS beamline where a corrector comprised of two indendent quadrupole wire configurations was fastened to the vacuum pipe inside the solenoid at the gun exit. Emittance measurements were taken as a function of correction angle. A good agreement between simulations and the analytical prediction was found once the Larmor rotation shift of the solenoid was taken into account.
We conclude with a possible prescription for tuning an SQC. Quadrupole moments mainly arise in either the RF-gun or emittance compensation solenoid immediately following it. The phase advance between these components is usually small enough that the zero-phase advance approach reviewed in the first section is well suited to guide a beamline operator. The gradient of the corrector should be chosen to be approximately equal to the presumed error quadrupoles, then one can adjust the SQC angle until xy = 0 to obtain minimal coupling between the trace spaces.
